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Abstract 



We solve the gaugino Dirac equation on a smeared intersecting five-brane solution in i^g x E'g 
heterotic string theory to search for localized chiral zeromodes on the intersection. The 
background is chosen to depend on the full two-dimensional overall transverse coordinates 
to the branes. Under some appropriate boundary conditions, we compute the complete 
spectrum of zeromodes to find that, among infinite towers of Fourier modes, there exist only 
three localized normalizable zeromodes, one of which has opposite chirality to the other two. 
This agrees with the result previously obtained in the domain-wall type solution, supporting 
the claim that there exists one net chiral zeromode localized on the heterotic five-brane 
system. 
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Flux compactifications of string theory on non-Kahler manifolds [T]-[2T] have attracted much 
interest for some recent years. In heterotic string theory, it has been known for a long time 
that the moduli are partially stabilized by the NS-NS three form flux -ffAfArp[l][2][3]. In 
general, turning on fluxes produces a potential and one finds new vacua with some 
stabilized moduli at the potential minima [5]-[TT]. More recently, understanding of heterotic 
moduli stabilization was improved by taking into account the intrinsic torsion of the geometry 

m-m- 

Historically, heterotic string theory was extensively studied in 1980s as a candidate unified 
theory including gravity. After the D-branes were found, however, the research focus has 
shifted from heterotic to type II theories, in particular, while the brane-world scenario ^22j 
[23] was readily realized in type II theories using D-branes, there are no known such con- 
structions in heterotic string theory. Despite this, an attempt was made in [23] to realize 
warped compactification of heterotic string theory by using NS5-branes, where the authors 
considered a domain-wall type smeared intersecting NS5-brane solution in Eg x het- 
erotic string theory and explicitly solved the gaugino Dirac equation to find one net chiral 
fermionic zeromode. This result was in agreement with the naive counting argument of 
Nambu-Goldstone modes on this background [23]. 

In this paper, we perform the gaugino-zeromode analysis on a similar smeared intersecting 
background, in which, unlike the one considered in ^24j, the field configurations depend 
on not only just one of the overall transverse coordinates (that is, the domain-wall type) 
but full two-dimensional overall transverse coordinates to the branes (the vortex type) q 
Although the Dirac operator becomes nontrivial and much more complicated than the one 
considered in [23], we will solve the zeromode equation under some boundary conditions, 
and compute the complete spectrum of zeromodes. In particular, we will find that, among 
infinite towers of Fourier modes, there exist only three localized normalizable zeromodes, one 
of which has opposite chirality to the other two. This agrees with the result obtained in [24j . 
supporting the claim that there exists one net chiral zeromode localized on the intersection 
of the heterotic five-brane system. 

We begin with the neutral smeared intersecting five-brane solution [2S| |26j : 

ds'^ = r]ijdx^dx^ + h{x^ ,x^Y 6 ^^dx^ dx^ + h{x^ , x^) Sf^^^dx^dx" , 

jj=0,7,8,9 ^i,'^=l,2 /i,v=3,4,5,6 

h{x\xY = e'"^, (1) 

^They constitute the intersecting p-brane solution in the original form obtained in (SUES]. Note that the 
relatively transverse dimensions are still smeared. 
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ho and ^ are real constants. The profiles of the harmonic function are shown in 

Figure [Ufor < 0, and in Figure [2]for ^ > 0. Since h{x^, x^) is equal to the string coupling, 
we only consider the region where /i(x^,a;^) is positive, and impose the boundary condition 
that all the fields become where h = 0. The 3-form flux H^^iyp is 

( i dh{x ,x ) j£ _ 3^ ^2, 5, 6) and even permutations, 

if (/i, I/, p) = (2, 4, 3), (2, 6, 5) and even permutations, 
if (/i, u, p) = (1, 3, 4), (1, 5, 6) and even permutations, 
if (/i, u, p) = (1, 4, 3), (1, 6, 5) and even permutations, 
otherwise. 
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dx'^ 







([I]) and (I3l) are a solution to the equations of motion of the type II NS-NS sector Lagrangian. 
The metric ([1]) represents two NS5-branes extended in the dimensions shown in Table [H We 
emphasize here that our solution is different from the one adopted in [21] in that the harmonic 
function (j2]) has a dependence on both the x^ and coordinates. 



In ([2]), the parameter ^ is related to the NS5-brane tension. The brane action is calculated 
by using the equations of motion as follows (in the Einstein frame): 

T 
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d^x^/^d^tGZ^e-^^'^6{x\x^), 
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Table 1: Dimensions in which the 5-branes extend 
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where Gmn is the six-dimensional metric (m, n = 0, 5, 6, 7, 8, 9), and T is the brane tension 

T = -2<. 

Therefore, if ^ < 0, the 5-brane tension is positive. On the other hand, if ^ > 0, the 
tension becomes negative, implying that this is an orientifold-like object. In [28j, it was 
argued that such an object in heterotic string theory might be understood as a mirror to the 
Atiyah-Hitchin manifold. In this paper, we only study positive tension branes. 

Next we convert this type II NS5-brane background into an x heterotic background 
by the standard embedding [29] . We generalize the spin connection by adding the 3- form 

flux H^yp 

= ± (4) 

and we identify to the gauge connection A^. We present the gauge connections using 

1 \ 1 

1 '^ = ^^2= -1 



Gell-Mann matrices Aj (i = 1, ■ ■ ■, 8) and 2x2 matrices 1 = ( \ 'j' ] , s = 102 ^ 



^ " '2h{x\x^fl^ dx' ^ ^A2j®i 2/i(a;i,x2)3/2 Qx^ ^ ® 
A ai3 _ 1 dh{x^,x'^) 1 dh{x^,x'^) 

~ 2h{x\x^fl^ dx^ ® * + 2h{x\x^r/^ dx^ ® ' 



(5) 



1 dh{x^,x'^) \ -i 1 dh{x^,x'^) 

2h{x\x^f/^ dx^ (-^5)® + 2/i(xi,x2)3/2 



A _ 1 dh{x^,x^) 1 dh{x^,x^) 

~ ~2h{x\x^Y/^ dx^ ® ^ ~ 2h{x\x^Y/^ dx^ ^''^"^ ® 

which is generically an SO{Q) spin connection, can be written in this form and set 
equal to the gauge connection A^, thanks to the SU{?>) structure of this background. The 
eigenvalues of s, ±i, distinguish which S'f/(3) representation the gaugino is in, 3 or 3. We 
adopt s = +i from now on. These backgrounds ([3]) and ([5]) preserve 1/4 of supersymmetries 
since the generalized spin connections are in S'f/(3). In order to satisfy the Bianchi 
identity dH = 0, we embed the gauge group SU (3) to Es x Es and get the unbroken gauge 
symmetry Eq{xEs). The adjoint representation of Eg is decomposed by embedding SU{3) 
as follows: 

248 = (78, 1) © (27, 3) © (27, 3) © (1, 8). (6) 
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Since the gauge field has a vev in SU{3), the fields which are transformed as (27, 3) © (27, 3) 
(as well as (1, 8)) become Nambu-Goldstone bosons. We know that a D = A, JV = 1 chiral 
supermultiplet have only two bosonic degrees of freedom. The Nambu-Goldstone bosons, 
which belongs to 27 and 27, must be combined with their superpartners to a single JV = 1 
chiral supermultiplet. This means that the moduli are a triplet (of the broken SU{3)) of 
chiral supermultiplets that transform as 27 (or 27) of Eq. Therefore, from this bosonic 
moduli counting argument one might conclude that there would be three chiral zeromodes. 
In fact, however, there is left only one net generation of fermions on the intersecting NS5- 
brane since the chiralities of the localized solutions are different, as we show below. The 
results agree with [2^ . 

To know the number of generations that localize on the branes, we need to compute the 
Dirac indices. The ten-dimensional heterotic gaugino equation of motion is 

T''Dm{co - \h, A)x - r^xdM<P + It^'i^''{Fab + FAB){i^M + ^r^A) = 0, (7) 

o o o 

where 

Dm{uj - ^H, A)x ^ [dM + litOAf"" - lH,f^)^AB + Mm)x (8) 

and adAjvfX = [^MjX]- We set ipM = 0, A = and x = the equation of motion 

becomes 

r''DM{uJ-^H,A)x = 0. (9) 

The 5*0(9, 1) gamma matrices F^^ are 

r = 7r„®l8, (a = 0,7, 8, 9) = 7»„®7" (« = 1,...,6) 

where •y^^^, 7I0 are the ordinary 5*0(3, 1) gamma matrices and chiral operator, respectively. 
7" are the 5*0 (6) gamma matrix and we fix them as 

7^ = 0-101(8)1, 7^ = (T2®1®1, 7^ = cr3(g)cri(8)l, 
7^ = (T3(8)(T2®1, 7^ = (T3(8)cr3(8)(Ti, 7'' = (J3®(J3®(J2. 

The 5*0(6) chiral operator is defined by 7" = — i7"'^7^7^7^7^7^. More explicitly, it is repre- 
sented in the matrix form: 
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1 

where I3 = | 1 | . We can decompose an 5*0(9, 1) Majorana-Weyl spinor into 
1 

50(3,1) and 5'0(6) spinors as 16 = (2+, 4+) © (2_,4_), where the subscripts ± are the 
50(3,1) and 50(6) chirahties. Since the 50(9,1) spinor is Majorana, the (2_|_,4_|_) and 
(2_,4_) components are associated with charge conjugation. 

Equation Qj can be divided into i = 0, 7, 8, 9 and fi = 1, ■ ■ ■, 6 directions [30] 

T%x + r'-D.iu - ^H, A)x = 0. (11) 

If X = X4D ® X6D, the second term looks hke the mass term of the four dimensional Dirac 
equation. Being a singular noncompact geometry, no index theorem is available on our 
background. Therefore, in order to count the number of localized fermionic zeromodes on 
the intersection of the five-branes we will solve the Dirac equation directly 



rD^{u-^H,A)xeu = (12) 



and find localized solutions which may have either positive or negative chirality. 

The gauge connection has nonzero value in the SU{3) subalgebra, and therefore the Xeo 
is transformed as a triplet of SU{3). We know that the chiralities of Xao related to each other 
by charge conjugation. If we change the representation of the 5f/(3), 3 or 3, the chirality of 
XaD also changes oppositely. Since XeD depend only and x^, f lT^ becomes 



dz I12 

dz I12 



X6D + Mxeu = 0, (13) 



where 



_ d d . d ^ d d . d 



dz dx^ dx"^ ' dz dx^ dx 

M = 7n7(c^/'^-^V)rA^ + ^dA,}, 



-4' ^ 3 

and I12 is the 12x12 unit matrix. Xao is a fermion that has 24 components, and we solve 
the Dirac equation f|T3|) for each component. In order to find solutions, we expand these 
components by Fourier modes as 



00 



^ ^ e^-'xt\{r), (14) 



m=— 00 



where the signs ± denote the chiralities, and (= 1, ■ ■ ■, 12) label the components of the 
gaugino Xeo- Thus we obtain 24 Dirac equations from (fT3ll form each component, some of 
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which are comphcated differential equations, 
matrix T : 



However, we can find a hnear transformation 
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and define a new gaugino field Xgj, = Txen- Then the equations in terms of the new compo- 
nents of Xgj3 become first order differential equations of the radial coordinate r, so that one 
can easily solve the equations. 



The generic form of these 24 equations can be written as follows: 

d_ ,^ _m^n{N)_^^ a{N) dh{r) ^ 

where n{N) is an integer which depends on each N. The real numbers a{N) are found to be 
+ : « = {2, 1, 1, -1,1,1,-,-} 

-{1,^,^,^,2,2, -1,4,2,2, -1,^} (16) 
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for each chirality. These sets of numbers are exactly the same as the ones encountered in 
the domain- wall type case [21]. Note, however, that, unlike [2l], our equations ( 1T5|) depends 
on the Fourier frequency m. 

The solutions of f|T5|) . with a constant of integration C, are 

X6'if™ = Cr™+"(^)e^. (17) 
We consider the cases of a > and a < separately. 

{%) a{N) > 

In this case the boundary condition is satisfied if and only if C = 0, and therefore there are 
no localized modes. 

(ii) a{N) < 

In this case, any Fourier mode satisfies the boundary condition. However, we also require that 
the mode must be normalizable J (Pxlxl"^ < oo. Such modes are the ones with m + n{N) = 0; 
only a single Fourier mode corresponds to a normalizable mode and is localized for each 
negative a{N). 

Therefore, the sets (flGjl show that there is only one normalizable localized mode with positive 
chirality, while there are two with negative chirality. This is exactly the same result as [2^ . 
confirming the claim that there exists one net chiral zeromode localized on this heterotic 
five-brane system. 
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